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Abstract

The coupled bending and torsional vibration of a fiber-reinforced composite cantilever with an edge
surface crack is investigated. The model is based on linear fracture mechanics, the Castigliano theorem and
classical lamination theory. The crack is modeled with a local flexibility matrix such that the cantilever
beam is replaced with two intact beams with the crack as the additional boundary condition. The coupling
of bending and torsion can result from either the material properties or the surface crack. For the
unidirectional fiber-reinforced composite, analysis indicates that changes in natural frequencies and the
corresponding mode shapes depend on not only the crack location and ratio, but also the material
properties (fiber orientation, fiber volume fraction). The frequency spectrum along with changes in mode
shapes may help detect a possible surface crack (location and magnitude) of the composite structure, such
as a high aspect ratio aircraft wing. The coupling of bending and torsion due to a surface crack may serve as
a damage prognosis tool of a composite wing that is initially designed with bending and torsion decoupled
by noting the effect of the crack on the flutter speed of the aircraft.
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see front matter r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Fiber-reinforced composite materials have been extensively used in high-performance structures
where high strength-to-weight ratios are usually demanded, such as applications in aerospace
structures and high-speed turbine machinery. As one of the failure modes for the high-strength
material, crack initiation and propagation in the fiber-reinforced composite have long been an
important topic in composite and fracture mechanics communities [1]. Cracks in a structure
reduce the local stiffness such that the change of vibration characteristics (natural frequencies,
mode shapes, damping, etc.) may be used to detect the crack location and even its size. A large
amount of research was reported in recent decades in the area of structural health monitoring, and
literature surveys can be found for cracks in rotor dynamics [2], and in beam/plate/rotor
structures [3]. To prevent possible catastrophic failure when initial cracks grow to some critical
level, early detection and prognosis of the damage is considered a valuable task for on-line
structural health monitoring.
Compared to vast literature on crack effects to isotropic and homogeneous structures, much

less investigation on dynamics of cracked composite structures was reported, possibly due to the
increased complexity of anisotropy and heterogeneity nature of the material. In late 1970s,
Cawley and Adams [4] detected damage in composite structures based on the frequency
measurement. The concept of local flexibility matrix for modeling cracks [5] was extended to
investigate cracked composite structures by Nikpour and Dimarogonas [6]. The energy release
rate for the unidirectional composite plate was derived with an additional coupled term of the
crack opening mode and sliding mode. The coefficient of each mode as well as of the mixed
interlocking deflection mode in the energy release equation is determined as a function of the fiber
orientation and volume fraction. The anisotropy of the composite greatly affects the coefficients.
Nikpour later applied the approach to investigate the buckling of edge-notched composite
columns [7] and the detection of axisymmetric cracks in orthotropic cylindrical shells [8]. Effects
of the surface crack on the Euler–Bernoulli composite beam was investigated by Krawczuk and
Ostachowicz [9] considering the material properties (fiber orientation and volume fraction). Song
et al. [10] studied the Timoshenko composite beam with multiple cracks based on the same
approach of modeling cracks with the local flexibility. To avoid the nonlinear phenomenon of the
closing crack, cracks in these papers mentioned above are all assumed open.
The motivation of this investigation stems from the fracture of composite wings in some

unmanned aerial vehicles (UAVs) deployed in the last few years such as the Predator [11]. The
relative large wing span and high aspect ratio are the usual design for the low-speed UAVs.
Surface cracks and some delamination near the wing root are suspected as the main fracture
failure for the aircraft under cyclic loading during normal flight or impact loading during
maneuvering, taking off and landing. Vibration characteristics of the cracked composite wing
could be important to the earlier detection and the prevention of catastrophe during flight. This
paper investigates the crack effects to the vibration modes of a composite wing, considering also
the effects of material properties. The local flexibility approach is implemented to model the
crack, based on linear fracture mechanics and the Castigliano theorem. The wing is modeled with
a high aspect ratio cantilever based on the classical lamination theory and the coupled
bending–torsion model presented by Weisshaar [12]. Unidirectional fiber-reinforced composite is
assumed. Analytical solutions with the first few natural frequencies and mode shapes are
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presented. To the authors’ knowledge, vibration of the cracked composite beam with the
bending–torsion coupling has not been studied prior to the work presented in this paper.
2. The local flexibility matrix due to the crack

A crack on an elastic structure introduces a local flexibility that affects the dynamic response of
the system and its stability. To establish the local flexibility matrix of the cracked member under
generalized loading conditions, a prismatic bar with a transverse surface crack is considered as
shown in Fig. 1. The crack has a uniform depth along the z-axis and the bar is loaded with an
axial force P1, shear forces P2 and P3, bending moments P4 and P5, and a torsional moment P6.
Let the additional displacement be ui along the direction of loading Pi and U the strain energy

due to the crack. The Castigliano’s theorem states that the additional displacement and strain
energy are related by

ui ¼
qU

qPi

;

where U has the form U ¼
R a

0 JðaÞda; JðaÞ ¼ qU=qa is the strain energy release rate, and a is the
crack depth. By the Paris equation, ui ¼ q

R a

0 JðaÞda
� �

=qPi; the local flexibility matrix [cij] per unit
width has the components

cij ¼
qui

qPj

¼
q2

qPiqPj

Z a

0

JðaÞda: (1)

Fig. 2 illustrates a fiber-reinforced composite cantilever with an edge surface crack and
unidirectional plies. For an isotropic composite material, Nikpour and Dimarogonas [6] derived
the final equation for the strain energy release rate JðaÞ as

J ¼ D1
X6
n¼1

K In

 !2
þ D2

X6
n¼1

K IIn

 !2
þ D12

X6
n¼1

K In

 ! X6
n¼1

K IIn

 !
þ D3

X6
n¼1

K IIIn

 !2
; (2)

where KIn, KIIn, and KIIIn are stress intensity factors (SIF) of mode I, II, and III, respectively,
corresponding to the generalized loading Pn. Here, mode I is the crack opening mode in which the
crack surfaces move apart in the direction perpendicular to the crack plane, while the other two
x
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Fig. 1. A prismatic bar with a uniform surface crack under generalized loading conditions.
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Fig. 2. Unidirectional fiber-reinforced composite cantilever with an open edge crack.
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are associated with displacements in which the crack surfaces slide over one another in the
direction perpendicular (mode II, or sliding mode), or parallel (mode III, or tearing mode) to the
crack front. D1, D2, D12, and D3 are constants defined by

D1 ¼ �
Ā22

2
Im

m1 þ m2
m1m2

� 	
; D2 ¼

Ā11

2
Imðm1 þ m2Þ;

D12 ¼ Ā11 Imðm1m2Þ; D3 ¼
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A44A55

p
;

with m1 and m2 the roots of the characteristic Eq. (A.1) in Appendix A. Coefficients Ā11; Ā22; A44,
and A55 are also given in Appendix A. Note in Eq. (2) that the first two modes are mixed while the
third mode is uncoupled from the first two modes if the material has a plane of symmetry parallel
to the x–y plane, which is the case under investigation.
2.1. SIF

In general the SIFs Kjnðj ¼ I ; II ; IIIÞ cannot be taken in the same formats as the counterparts of
an isotropic material in the same geometry and loading. Bao et al. [13] suggested that Kjnðj ¼
I ; II ; IIIÞ for a crack in the fiber-reinforced composite beam can be expressed as

Kjn ¼ sn

ffiffiffiffiffiffi
pa

p
Fjnða=b; t1=4L=b; zÞ; (3)

where sn is the stress at the crack cross-section due to the nth independent force, a is the crack
depth, Fjn denotes the correction function, L and b are the beam length and width, respectively,
and t and z are dimensionless parameters taking into account the in-plane orthotropy, which are
defined by

t ¼
E22

E11
; z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E22E11

p

2G12
�

ffiffiffiffiffiffiffiffiffiffiffiffi
n12n21

p
;

where the elastic constants E22;E11;G12; n12; and n21 are given in Appendix A.
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Following the paper by Bao et al. [13], the term related to t1=4L=b is negligible for t1=4L=bX2:
This condition is fulfilled for the fiber-reinforced composite cantilever in which the aspect ratio
L/b is greater than 4. The SIF in Eq. (3) is then reduced to the form

Kjn ¼ sn

ffiffiffiffiffiffi
pa

p
Y nðzÞFjnða=bÞ; (4)

where Y nðzÞ takes into account the anisotropy of the material, and Fjn(a/b) takes the same form as
in an isotropic material and can be found from the handbook by Tada et al. [14] for different
geometry and loading modes.
For the unidirectional fiber-reinforced composite beam, the SIFs are determined as

K I1 ¼ s1
ffiffiffiffiffiffi
pa

p
Y IðzÞF1ða=bÞ; s1 ¼

P1

bh
; KI4 ¼ s4

ffiffiffiffiffiffi
pa

p
Y IðzÞF1ða=bÞ; s4 ¼

12P4

bh3
z;

K I5 ¼ s5
ffiffiffiffiffiffi
pa

p
Y IðzÞF2ða=bÞ; s5 ¼

6P5

bh2
; K I2 ¼ KI3 ¼ K I6 ¼ 0;

K II3 ¼ s3
ffiffiffiffiffiffi
pa

p
Y IIðzÞF IIða=bÞ; s3 ¼

P3

bh
; K II1 ¼ K II2 ¼ K II4 ¼ K II5 ¼ K II6 ¼ 0;

K III2 ¼ s2
ffiffiffiffiffiffi
pa

p
Y IIIðzÞF IIIða=bÞ; s2 ¼

P2

bh
;

K III6 ¼ s6
ffiffiffiffiffiffi
pa

p
Y IIIðzÞF IIIða=bÞ; s6 ¼

24P6p3

p5bh2 � 192h3
cos

p
h

z
� 

;

K III1 ¼ K III3 ¼ K III4 ¼ K III5 ¼ 0; ð5Þ

where

F1ða=bÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
tan l
l

r
0:752þ 2:02ða=bÞ þ 0:37ð1� sin lÞ3
� �

= cos l; l ¼
pa

2b
;

F2ða=bÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
tan l
l

r
0:923þ 0:199ð1� sin lÞ4
� �

= cos l;

F IIða=bÞ ¼ 1:122� 0:561ða=bÞ þ 0:085ða=bÞ2 þ 0:18ða=bÞ3
� �. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a=b
p

;

F IIIða=bÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
tan l
l

r

and

Y IðzÞ ¼ 1þ 0:1ðz� 1Þ � 0:016ðz� 1Þ
2
þ 0:002ðz� 1Þ3;

Y IIðzÞ ¼ Y IIIðzÞ ¼ 1:

In Eq. (5), s6 is the stress along the short edge of the cross-section, determined using the classical
theory of elasticity, as shown in Appendix B.
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2.2. The local flexibility matrix

For the composite cantilever with an edge crack shown in Fig. 2, Eq. (1) becomes

cij ¼
q2

qPiqPj

Z h=2

�h=2

Z a

0

JðaÞda dz: (6)

Substitution of Eq. (2) in Eq. (6) yields

cij ¼
q2

qPiqPj

Z h=2

�h=2

Z a

0

½D1ðK I1 þ K I4 þ KI5Þ
2

(

þ D2K
2
II3 þ D12ðK I1 þ K I4 þ K I5ÞK II3 þ D3ðK III2 þ K III6Þ

2
�dadz

�
: ð7Þ

For the composite cantilever under consideration, there are two independent variables—the
transverse and torsional displacements, and one dependent variable—the rotational displacement
of the cross-section. Correspondingly, the external forces the cantilever could take are the bending
moment (P4), the shear force (P2) and the torsional moment (P4) as shown in Fig. 1. Out of all
components in the flexibility matrix only those related to i, j ¼ 2; 4; 6 are needed. It can be shown
that the matrix [C] is symmetric and c24 ¼ c46 ¼ 0: Based on Eqs. (5) and (7) the components of
interest in the local flexibility matrix [C] can be determined as

c22 ¼
2pD3

hb2

Z a

0

a½F IIIða=bÞ�2 da ¼
2pD3

h
LIII;

c44 ¼
24pD1

h3b2

Z a

0

a½F1ða=bÞ�2 da ¼
24pD1Y

2
I

h3
L1;

c66 ¼
pD3ð24p3Þ

2h

ðp5bh2 � 192h3Þ2

Z a

0

a½F IIIða=bÞ�2 da ¼
576D3p7hb2

ðp5bh2 � 192h3Þ2
LIII;

c26 ¼ c62 ¼
96p3D3

bðp5bh2 � 192h3Þ

Z a

0

a½F IIIða=bÞ�2 da ¼
96p3D3b

p5bh2 � 192h3
LIII;

(8)

where the dimensionless coefficients are LIII ¼
R ā

0 āF2IIIðāÞdā;L1 ¼
R ā

0 āF21ðāÞdā and ā ¼ a=b:
The final flexibility matrix [5,6] at the crack location for the coupled bending and torsional

vibration is then

½C� ¼

c22 0 c26

0 c44 0

c26 0 c66

2
64

3
75; (9)

with components given in Eq. (8).
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3. The composite beam model considering coupled bending and torsion

In the preliminary design, it is quite common that an aircraft wing is modeled as a slender beam
or box to study the bending–torsion characteristics. Weisshaar [12] presented an idealized beam
model for composite wings describing the coupled bending–torsion with three beam cross-
sectional stiffness parameters along a spanwise mid-surface reference axis: the bending stiffness
parameter EI; the torsional stiffness parameter GJ and the bending–torsion coupling parameter K.
Note that EI and GJ are not the bending and torsion stiffness of the beam since the reference axis
is not the elastic axis in general. At any cross-section of the beam as shown in Fig. 3 the relation
between the internal bending moment M, the torsional moment T, and the beam curvature
q2w=qy2 and twisting rate qf=qy is expressed as

M

T

� �
¼

EI �K

�K GJ

� �
w00

f0

� �
: (10)

If a coupling term is defined as C ¼ K=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI 
 GJ

p
as in Ref. [12], it has been shown that

�1oCo1: The magnitude of C closing to71 indicates the highly coupled situation while C ¼ 0
indicates no coupling between bending and torsion.
On the other hand, the classical laminated plate theory gives the relation between the plate

bending moments, torsional moment and curvatures as

Mx

My

Mxy

8><
>:

9>=
>; ¼

D11 D12 D16

D12 D22 D26

D16 D26 D66

2
64

3
75

kx

ky

kxy

8><
>:

9>=
>;: (11)

Following the paper by Weisshaar [12] the three stiffness parameters in Eq. (10) may be
determined for high aspect ratio beams (assuming Mx ¼ 0 but kx is not restrained) as

EI ¼ b D22 �
D212
D11

� 	
; K ¼ 2b D26 �

D12D16

D11

� 	
; GJ ¼ 4b D66 �

D216
D11

� 	
; (12)

where bending stiffnesses D11, D22, D66, D12, D16, and D26 are given in Appendix A. It may be of
interest to know that, for the assumption of chordwise rigidity ðwðx; yÞ ¼ wð0; yÞ � xfðyÞ;kx ¼ 0;
but Mxa0Þ; the second term in Eq. (12) disappears and only the first term is left for EI, K, and
GJ. This is equivalent to the situation that D11 tends to infinity, or infinite chordwise rigidity.
Once the stiffness parameters EI, K, and GJ are obtained, the free vibration of the coupled

bending and torsion for the composite beam, with damping neglected, is governed by the
x

y

z

b

hT
M

w

φ

Fig. 3. A beam segment with the internal bending moment, torsional moment and deformations.
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equations

EIwiv � Kf000
þ m €w ¼ 0; GJf00

� Kw000 � Ia €f ¼ 0; (13)

where m is the mass per unit length and Ia is the polar mass moment of inertia per unit length
about y-axis.
Using separation of variables w y; tð Þ ¼ W ðyÞeiot;fðy; tÞ ¼ FðyÞeiot; Eq. (13) is transferred to the

eigenproblem

EIW iv � KF000 � mo2W ¼ 0; GJF00 � KW 000 þ Iao2F ¼ 0: (14)

As shown by Banerjee [15], eliminating eitherW or F in Eq. (14) will yield a general solution in
the normalized form

W ðxÞ ¼ A1 cosh axþ A2 sinh axþ A3 cos bxþ A4 sin bxþ A5 cos gxþ A6 sin gx;

FðxÞ ¼ B1 cosh axþ B2 sinh axþ B3 cos bxþ B4 sin bxþ B5 cos gxþ B6 sin gx;
(15)

where A1–6 and B1–6 are related by

B1 ¼ kaA2=L; B2 ¼ kaA1=L; B3 ¼ kbA4=L;

B4 ¼ �kbA3=L; B5 ¼ kgA6=L; B6 ¼ �kgA5=L

and other parameters are defined consequently as

ka ¼ ðb̄ � a4Þ=ðk̄a3Þ; kb ¼ ðb̄ � b4Þ=ðk̄b3Þ; kg ¼ ðb̄ � g4Þ=ðk̄g3Þ;

with

k̄ ¼ �K=EI ;

a ¼ ½2ðq=3Þ1=2 cosðj=3Þ � a=3�1=2;

b ¼ ½2ðq=3Þ1=2 cosððp� jÞ=3Þ þ a=3�1=2;

g ¼ ½2ðq=3Þ1=2 cosððpþ jÞ=3Þ þ a=3�1=2;

q ¼ b þ a2=3;

j ¼ cos�1½ð27abc � 9ab � 2a3Þ=2ða2 þ 3bÞ3=2�;

a ¼ ā=c; b ¼ b̄=c; c ¼ 1� K2=ðEI 
 GJÞ;

ā ¼ Iao2L2=GJ; b̄ ¼ mo2L4=EI ; x ¼ y=L:

Following Ref. [15], the expressions for the cross-sectional rotation YðxÞ; the bending
moment MðxÞ; the shear force SðxÞ and the torsional moment TðxÞ are obtained with the
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normalized coordinate x as

YðxÞ ¼ ð1=LÞ½A1a sinh axþ A2a cosh ax� A3b sin bx

þ A4b cos bx� A5g sin gxþ A6g cos gx�;

MðxÞ ¼ ðEI=L2Þ½A1ā cosh axþ A2ā sinh ax� A3b̄ cos bx

� A4b̄ sin bx� A5ḡ cos gx� A6ḡ sin gx�;

SðxÞ ¼ �ðEI=L3Þ½A1aā sinh axþ A2aā cosh axþ A3bb̄ sin bx

� A4bb̄ cos bxþ A5gḡ sin gx� A6gḡ cos gx�;

TðxÞ ¼ ðGJ=L2Þ½A1ga cosh axþ A2ga sinh ax� A3gb cos bx

� A4gb sin bx� A5gg cos gx� A6gg sin gx�; ð16Þ

where

ā ¼ b̄=a2; b̄ ¼ b̄=b2; ḡ ¼ b̄=g2;

ga ¼ ðb̄ � ca4Þ=ðk̄a2Þ; gb ¼ ðb̄ � cb4Þ=ðk̄b2Þ; gg ¼ ðb̄ � cg4Þ=ðk̄g2Þ:

4. Eigenvalues and mode shapes of the cracked composite cantilever

Let the edge crack be located at xc ¼ l=L; as shown in Fig. 2. The cantilever beam is then
replaced with two intact beams connected at the crack location by the local flexibility matrix. The
solution of W and F for each intact beam can be expressed as follows:
Let G ¼ ½cosh ax sinh ax cos bx sin bx cos gx sin gx�T; then for

0pxpxc;

W 1ðxÞ ¼ ½A1 A2 A3 A4 A5 A6�G; F1ðxÞ ¼ ½B1 B2 B3 B4 B5 B6�G; (17a)

xcpxp1;

W 2ðxÞ ¼ ½A7 A8 A9 A10 A11 A12�G; F2ðxÞ ¼ ½B7 B8 B9 B10 B11 B12�G: (17b)

There are 12 unknowns in Eq. (17) since B1�12 are related to A1�12 by the relationships (15).
For the cantilever beam, the boundary conditions require that:
At the fixed end, x ¼ 0;

W 1ð0Þ ¼ Y1ð0Þ ¼ F1ð0Þ ¼ 0: (18a2c)

At the free end, x ¼ 1;

M2ð1Þ ¼ S2ð1Þ ¼ T2ð1Þ ¼ 0: (18d2f)

At the crack location, x ¼ xc; the local flexibility concept demands

M1ðxcÞ ¼ M2ðxcÞ; S1ðxcÞ ¼ S2ðxcÞ; T1ðxcÞ ¼ T2ðxcÞ;

W 2ðxcÞ ¼ W 1ðxcÞ þ c22S1ðxcÞ þ c26T1ðxcÞ;

Y2ðxcÞ ¼ Y1ðxcÞ þ c44M1ðxcÞ;

F2ðxcÞ ¼ F1ðxcÞ þ c62S1ðxcÞ þ c66T1ðxcÞ:

(18g2l)
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Substitution of Eqs. (16) and (17) in Eq. (18) will yield the characteristic equation

½L�A ¼ 0; (19)

where A ¼ ½A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12�
T and ½L� is the 12� 12 characteristic matrix,

a function of frequency.
Solving for det½L� ¼ 0 yields the natural frequencies. Substituting each natural frequency back

to Eq. (19) will give the corresponding mode shape. Note that both the natural frequency and the
mode shape now depend not only on the crack depth and location, but also on the material
properties (fiber orientation and volume fraction).
One issue related to the coupled bending–torsion Eq. (13) is that, for the unidirectional

composite beam in some specific fiber orientation (e.g. at 01 and 901), bending and torsion will be
decoupled such that Eq. (15) is no longer valid to solve for the eigenvalue problem. Under this
situation the coupled equation simply reduces to two independent equations for bending and
torsion after the separation of variables as

EIW iv � mo2W ¼ 0; GJF00 þ Iao2F ¼ 0: (20)

The general solution in the normalized form is

W ðxÞ ¼ A1 cosh Zxþ A2 sinh Zxþ A3 cos Zxþ A4 sin Zx;

FðxÞ ¼ B1 cos sxþ B2 sin sx;

where Z ¼ ðmo2L4=EIÞ1=4; s ¼ ðIao2L2=GJÞ1=2; and m and Ia are defined the same as in Eq.
(13).
Similarly, let G1 ¼ ½cosh Zx sinh Zx cos Zx sin Zx�T; G2 ¼ ½cos sx sin sx�T; then for

0pxpxc;

W 1ðxÞ ¼ ½A1 A2 A3 A4�G1; F1ðxÞ ¼ ½B1 B2�G2; (21a)

xcpxp1;

W 2ðxÞ ¼ ½A5 A6 A7 A8�G1; F2ðxÞ ¼ ½B3 B4�G2: (21b)

There are still 12 unknowns in Eq. (21). Again, the expressions for the cross-sectional rotation
YðxÞ; the bending moment MðxÞ; the shear force SðxÞ; and the torsional moment TðxÞ become

YðxÞ ¼ ð1=LÞ½A1Z sinh Zxþ A2Z cosh Zx� A3Z sin Zxþ A4Z cos Zx�;

MðxÞ ¼ ðEI=L2Þ½A1Z2 cosh Zxþ A2Z2 sinh Zx� A3Z2 cos Zx� A4Z2 sin bx�;

SðxÞ ¼ �ðEI=L3Þ½A1Z3 sinh Zxþ A2Z3 cosh Zxþ A3Z3 sin Zx� A4Z3 cos Zx�;

TðxÞ ¼ ðGJ=L2Þ½�B1s sin sxþ B2s cos sx�:

(22)

The boundary conditions are the same as in Eq. (18). Substitution of Eqs. (21) and (22) in Eq.
(18) yields the characteristic equation

½L�Ā ¼ 0; (23)

where Ā ¼ ½A1 A2 A3 A4 A5 A6 A7 A8 B1 B2 B3 B4�
T and ½L� is still a 12� 12 characteristic matrix.

The bending–torsion coupling described by Eq. (19) arises from both the equation of motion
and the crack boundary condition. However, in Eq. (23) only the crack contributes to the
coupling between bending and torsion that is initially decoupled by Eq. (20).
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5. Results

The unidirectional composite beam consists of several plies aligned in the same direction. In
each ply (and for the whole laminate) the material is assumed orthotropic with respect to its axes
of symmetry. Material properties of each ply are taken to be: moduli of
elasticity Em ¼ 2:76GPa; Ef ¼ 275:6Gpa; Poisson’s ratios nm ¼ 0:33; nf ¼ 0:2; moduli of
rigidity Gm ¼ 1:036GPa; Gf ¼ 114:8Gpa; mass densities rm ¼ 1600kg=m3; rf ¼ 1900kg=m3:
The subscript m stands for matrix and f for fiber. The geometry of the cantilever is taken to be:
length L ¼ 0:5m; width b ¼ 0:1m; and height h ¼ 0:005m: In the following sections, y stands for
the fiber angle, and V is the fiber volume fraction, Z ¼ a=b the crack ratio, and xc ¼ l=L the
dimensionless crack location.
5.1. Coefficients of the local flexibility matrix

Once incorporated with the boundary conditions (18g–l), the components in the local flexibility
matrix, Eq. (9), may be expressed in dimensionless formats for further comparison. The
dimensionless constants become

c̄22 ¼ c22
EI

L3
¼ �22LIII with �22 ¼

2pD3EI

hL3
;

c̄44 ¼ c44
EI

L
¼ �44L1 with �44 ¼

24pD1Y
2
IEI

h3L
;

c̄66 ¼ c66
GJ

L
¼ �66LIII with �66 ¼

576D3p7hb2GJ

ðp5bh2 � 192h3Þ2L
;

c̄26 ¼ c26
GJ

L2
¼ �26LIII with �26 ¼

96p3D3bGJ

ðp5bh2 � 192h3ÞL2
;

c̄62 ¼ c26
EI

L2
¼ �62LIII with �62 ¼

96p3D3bEI

ðp5bh2 � 192h3ÞL2
; ð24Þ

where L1 and LIII are dimensionless and defined the same as in Eq. (8). They are functions of
crack ratio only (a/bA[0, 1]) and both go to infinity with a/b approaching unity, as shown in Figs.
4 and 5. For a crack ratio close to 1, which means the beam is nearly completely broken, the beam
dynamics suffer severe instability and these coefficients may not be able to describe its vibration
characteristics. The following analysis is focused on the crack ratio up to 0.9.
Coefficients �22; �44; �66; �26; and �62 are all dimensionless, and are functions of the fiber

orientation, y; and fiber volume fraction, V. Their variations are shown in Fig. 6.
It is obvious that coefficients �22; �44; �66; �26; and �62 exhibit double symmetry for y=01

and V ¼ 0:5: Among these dimensionless coefficients, �44 has the largest magnitude, followed
by �66 and then �26 and �62 with the last two accounting for the coupling effects. In other
words, the bending or torsional mode is affected most by the internal bending or torsional
moment, respectively, whose distribution along the beam has been altered by the surface
crack. The internal shear force plays the least important role by noting its relatively
low magnitude. The dimensionless L1 and LIII work as ‘‘weighing’’ factors for the final
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dimensionless components in the local flexibility matrix. For a crack ratio up to 0.9, L1 is always
larger than LIII so that the role of the coefficient �44 is further enhanced. Note that in Eq. (24) only
c̄44 is affected by L1:
As shown in Eq. (24) that coefficients �22; �44; �66; �26; and �62 are normalized with either EI or

GJ, a plot of each coefficient shown in Fig. 6 bears the similar ‘‘shape’’ as that of the normalized
stiffness parameter EI or GJ as shown in Fig. 7.

5.2. The bending and torsional stiffness parameters, and the coupling term

The bending and torsional stiffness parameters, EI and GJ, are functions of y and V, as shown
in Fig. 7(a) and (c). For y=01 or 901 (bending and torsion are decoupled), the torsional stiffness
parameter GJ has the same variation with respect to the fiber volume fraction. However the
bending stiffness parameter varies differently. When normalized by the stiffness at the fiber angle
01, the dimensionless EIðy;VÞ=EIð0;V Þ and GJðy;V Þ=GJð0;V Þ are shown in Fig. 7(b) and (d).
The dimensionless coupling term C; as defined by C ¼ K=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI 
 GJ

p
; is the indication of how

‘‘strong’’ the bending and torsion are coupled, with71 indicating the ‘‘strongest’’ coupling while
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0 indicates no coupling. Fig. 7(e) shows the term with respect to the fiber angle and volume
fraction. Bending and torsion are decoupled when y=01 or 901, or V ¼ 0 or 1. For the fiber
volume fraction being 0 or 1, the material is isotropic and homogeneous so that bending and
torsion are basically decoupled for the beam with rectangular cross-section, and this is consistent
with previously published results [9,10].
As shown in the figure, the ‘‘strong’’ coupling is expected for fiber angles around 7651, while

the coupling is very ‘‘weak’’ for angles between 7351. The variation of the coupling term with
respect to the fiber angle agrees with the results presented in Ref. [12]. Note that in Fig. 7 the
stiffness parameters (EI and GJ) and the coupling term ðCÞ are determined by the fiber angle and
fiber volume fraction, and no crack is involved.
Since the stiffness parameters as well as the coupling term are determined by the

material properties (y and V), natural frequencies of the cantilever will depend not only
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on the crack location and its depth, but also on the material properties. The analysis of
the natural frequency changes follows. Three situations are selected in terms of the degree
of coupling.

5.3. Natural frequency change as a function of crack location, its depth and material properties
(y and V)

5.3.1. Natural frequency change as a function of crack ratio and fiber angle

Assume that the crack is located at xc ¼ 0:3 and the fiber volume fraction is V ¼ 0:5: Natural
frequencies will be affected by the crack ratio and fiber angle. The first four natural frequencies
are plotted in Figs. 8–11.
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When the fiber angle is around 601, where the bending and torsion are highly coupled,
the frequency reduction with the crack ratio increased has a different pattern as that when
the fiber angle is smaller. For instance, Figs. 9 and 10 indicate an accelerated reduction
of the second and third frequencies with respect to the crack ratio in the region of y ¼ 601: At a
certain crack ratio, the natural frequency is controlled by either the bending or torsional mode
when the fiber angle is small (the coupling is weak). However, when the fiber angle is increased
such that the coupling becomes stronger, the same natural frequency which was previously
controlled by the bending mode (or the torsional mode) becomes controlled by the torsional mode
(or the bending mode). This could be the main reason for the transient region of the frequency
reduction.

5.3.2. Natural frequency change as a function of crack location and fiber angle

Assume that the crack ratio is fixed at Z ¼ 0:3 and the fiber volume fraction is V ¼ 0:5: Natural
frequencies will be affected by the crack location and fiber angle. The first four natural frequencies
are plotted in Figs. 12–15 as follows.
Similar to the results in Section 5.3.1 where the crack ratio and fiber angle are taken as

variables, the frequency change when bending and torsion are highly coupled has a pattern
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different from that when the coupling is ‘‘weak’’ at smaller fiber angles. When the fiber angle is
fixed, the frequency change for different crack locations is affected by the corresponding mode
shape.
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5.3.3. High coupling between bending and torsion
Assume that y ¼ 701 and V ¼ 0:5: Bending and torsion are highly coupled with C ¼ 0:846: The

natural frequency changes are plotted in Fig. 16.
In general the natural frequencies experience further reduction with the crack ratio increased.

Fig. 16 indicates clearly that for a large crack ratio, the frequencies have different variation in
terms of the crack location. As noticed in Refs. [9,10] where only bending vibration is investigated,
the higher frequency reduction may be expected for the crack located around the largest curvature
of the mode related to the frequency. While the trend is still shown in Fig. 16, the largest
frequency reduction no longer coincides with either the largest bending curvature or torsion
curvature, since the bending and torsional modes usually do not have the largest curvature or
node at the same location.

5.3.4. Low coupling between bending and torsion, and bending–torsion decoupled

When y ¼ 301 and V ¼ 0:5; bending and torsion are weakly coupled with C ¼ 0:0545: The
natural frequency changes are plotted in Fig. 17.
It is obvious that the third natural frequency does not show the similar variation as that in Fig.

16(c) of Section 5.3.3 where bending and torsion are highly coupled. When the coupling due to the
material properties is weak (i.e. the coupling term C is very small), the frequency variation
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Fig. 17. Variation of natural frequencies as a function of the crack ratio (a/b) and normalized crack location ðxcÞ for

the weakly coupled situation due to material properties. (a) The first natural frequency ðf intact ¼ 42:35 rad=sÞ; (b) the
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exhibits quite the similar feature as that where bending and torsion are initially decoupled due to
the material properties, and then coupled only due to the presence of the crack. The frequency
variation for the latter case is shown in Fig. 18.
When y ¼ 01 or 901, the bending and torsion are decoupled if there are no cracks. The natural

frequencies for bending and torsion are listed in Table 1.
However, presence of an edge crack introduces coupling through the additional boundary

condition at the crack location. For y ¼ 01 and V ¼ 0:5; the natural frequency changes are plotted
in Fig. 18 as a function of the crack ratio and its location.
When the coupling of bending and torsion is introduced by the crack only (no coupling if there

was no crack), the third natural frequency has very similar variation as that of the first natural
frequency. The coupled natural frequency is predominantly controlled by either the bending mode
or the torsional mode, while the surface crack introduces only a ‘‘weak’’ coupling between
bending and torsion. The third coupled frequency is actually close to the first torsional frequency
so that the variation is quite close to that of the first coupled frequency that is controlled by the
first bending mode.
For the situation shown in Fig. 17 where coupling due to material properties is ‘‘weak’’, the

coupling seems predominantly controlled by the local flexibility due to the crack such that the
frequency variation exhibits a similar trend as in Fig. 18.
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Fig. 18. Variation of natural frequencies as a function of the crack ratio (a/b) and the normalized crack location ðxcÞ

for situation that the coupling is introduced by the crack only. (a) The first natural frequency, (b) the second natural

frequency, (c) the third natural frequency, (d) the fourth natural frequency.

Table 1

The first five natural frequencies for y=01 and 901

rad/s y=01 y=901

1st 2nd 3rd 4th 5th 1st 2nd 3rd 4th 5th

Bending 43.6 273.1 764.7 1498.5 2477.2 181.0 1134.5 3176.7 6225.0 10290.4

Torsion 413.5 1240.6 2067.7 2894.7 3721.8 413.5 1240.6 2067.7 2894.7 3721.8
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5.4. Mode shape changes

For theoretical analysis, the change of mode shapes may help detect the crack location as well
as its magnitude, in conjunction with the change of natural frequencies. In the situation of highly
coupled bending and torsion (y ¼ 701 and V ¼ 0:5 as in Section 5.3.3) due to the material
properties, the first three mode shapes are plotted in Figs. 19–24 for different crack depths and
locations.

5.4.1. For crack at location xc ¼ 0:2
In Figs. 19–24, each mode shape is obtained with the crack ratio at 0.2, 0.4, and 0.6, while the

crack ratio of 0 indicates no cracks.
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Fig. 21. The third mode shapes for xc ¼ 0:2; V ¼ 0:5; and y ¼ 701 as the crack ratio ðZÞ changes. ——, Z ¼ 0; – – – – –,
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 , Z ¼ 0:6: (a) The third bending mode, (b) the third torsional mode.
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Each of the first three modes is normalized by the value at the free end of the cantilever. The
higher mode seems more sensitive to the crack depth, even though the crack is not located at the
large curvature position. The discontinuity of the torsional mode is more obvious than the
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bending mode. Since the characteristic equation consists of 12 simultaneous equations, any small
deviation from the exact frequency solution changes the magnitude of the mode shape a lot
(especially for the torsional modes). However, the shape and increasing distortion at the crack
location may still be of value to detect the crack location, particularly when both bending and
torsional modes are taken into consideration.

5.4.2. For crack at location xc ¼ 0:5
For the crack located at the mid-point of the cantilever, distortion of higher mode

shapes is even more obvious. Compared with those where only the bending mode,
either for the Euler–Bernoulli beam or for the Timoshenko beam, is studied, the change
of mode shapes due to the crack for the composite beam with bending and torsion coupled
is more significant. This change may be utilized to locate the crack as well as to quantify its
magnitude.
6. Conclusion

A composite cantilever beam with an edge crack and of high aspect ratio vibrates in coupled
bending and torsional modes, either due to the material properties, due to the crack or both. The
beam consists of several fiber-reinforced plies with all fibers orientated in the same direction. The
local flexibility approach based on linear fracture mechanics is taken to model the crack and a
local compliance matrix at the crack location is derived. Changes in natural frequencies and mode
shapes are investigated. Some observations include:
(1)
 The dimensionless coefficients of the compliance matrix exhibit double symmetry with respect
to the fiber orientation and fiber volume fraction. The internal bending moment distribution
due to the crack affects the bending mode most significantly through the local flexibility
matrix; the effect is the same for the torsional mode; the internal shear force distribution plays
the least role in the local flexibility.
(2)
 The decrease of natural frequencies for a cracked composite beam depends not only on the
crack location and its depth, but also on the material properties, as shown in Ref. [9] for an
Euler–Bernoulli beam. However, for the composite cantilever with bending and torsional
modes coupled, the largest frequency reduction no longer coincides with either the largest
bending or torsion curvatures.
(3)
 The ‘‘strong’’ coupling between the bending and torsion is observed for fiber angles around
7601, while the coupling is ‘‘weak’’ for fiber angles between 7351. The frequency variation
with respect to either the crack ratio or its location usually experiences a transient state when
the coupling is ‘‘strong’’, such that the pattern is significantly different from the ‘‘weakly’’
coupled case. At this transient state the frequency variation previously controlled mainly by
the bending mode (or the torsional mode) becomes controlled by the torsional mode (or the
bending mode).
(4)
 When the fiber angle is 0 or7901, bending and torsion are decoupled if there is no crack. The
edge crack introduces the coupling to the initially uncoupled bending and torsion. The
decrease of natural frequencies exhibits a similar pattern as that when the fiber angle is
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between 7351; the pattern is predominantly controlled by either bending or torsional mode,
but not both.
(5)
 The coupled mode shapes are more sensitive to both the crack location and its depth. Higher
modes exhibit more distortion at the crack location.
An analytical model of a fiber-reinforced composite beam with an edge crack has been
developed. The spectrum of the natural frequency reduction, along with observations on the mode
shape changes indicated by this model, may be used to detect both the crack location and its depth
for on-line structural health monitoring. When the cracked beam vibrates with a specific loading
spectrum, the model presented in this paper may help analyze the stress distribution around the
crack tip such that a crack propagation model may be developed to investigate damage prognosis,
and make predictions regarding the behavior of the structure to future loads. For instance these
results may be useful for predicting flutter speed reduction in aircraft with composite wings due to
fatigue cracking.
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Appendix A. Material properties of a single ply

The complex constants m1; m2 in Eq. (2) are roots of the characteristic equation [1]

Ā11m4 � 2Ā16m3 þ ð2Ā12 þ Ā66Þm2 � 2Ā26mþ Ā22 ¼ 0; (A.1)

where the compliances Ā11; Ā22; Ā12; Ā16; Ā26; Ā66 are defined by

Ā11 ¼ A11m
4 þ ð2A12 þ A66Þm

2n2 þ A22n
4;

Ā22 ¼ A11n
4 þ ð2A12 þ A66Þm

2n2 þ A22m
4;

Ā12 ¼ ðA11 þ A22 � A66Þm
2n2 þ A12ðm

4 þ n4Þ;

Ā16 ¼ ð2A11 � 2A12 � A66Þm
3n � ð2A22 � 2A12 � A66Þmn3;

Ā26 ¼ ð2A11 � 2A12 � A66Þmn3 � ð2A22 � 2A12 � A66Þm
3n;

Ā66 ¼ 2ð2A11 þ 2A22 � 4A12 � A66Þm
2n2 þ A66ðm

4 þ n4Þ;

with m ¼ cos y; n ¼ sin y; and y being the angle between the geometric axes of the beam (x–y) and
the material principle axes (1–2) as shown in Fig. 2. The roots are either complex or purely
imaginary, and cannot be real. The constants m1 and m2 correspond to those with positive
imaginary parts.
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Constants A11, A22, A12, A66 are compliance elements of the composite along the principle axes
and directly relate to the mechanical constants of the material [16]. Under the plane strain
condition,

A11 ¼
1

E11
1�

E22

E11
n212

� 	
; A22 ¼

1

E22
ð1� n223Þ; A12 ¼ �

n12
E11

ð1þ n23Þ:

Under the plane stress condition,

A11 ¼
1

E11
; A22 ¼

1

E22
; A12 ¼ �

n12
E11

¼ �
n21
E22

:

To study the third crack mode, other compliances for both the plane strain and plane stress can
be found to be

A44 ¼
1

G23
; A55 ¼ A66 ¼

1

G12
:

The mechanical properties of the composite, E11; E22; n12; n23; G12; G23; r; can be found
[1] to be

E11 ¼ Ef V þ Emð1� VÞ; E22 ¼ E33 ¼ Em

Ef þ Em þ ðEf � EmÞV

Ef þ Em � ðEf � EmÞV
;

n12 ¼ n13 ¼ nf V þ nmð1� V Þ;

n23 ¼ n32 ¼ nf V þ nmð1� VÞ
1þ nm � n12Em=E11

1� n2m þ nmn12Em=E11
;

G12 ¼ G13 ¼ Gm

Gf þ Gm þ ðGf � GmÞV

Gf þ Gm � ðGf � GmÞV
;

G23 ¼
E22

2ð1þ n23Þ
; r ¼ rf V þ rmð1� V Þ;

where subscript m stands for matrix and f for fiber. V is the fiber volume fraction.
Also based on the mechanical properties determined above as well as the ply orientation, the

bending stiffness Dij in Eq. (11) can be determined [17] by

D11 ¼ Q11m
4 þ Q22n

4 þ 2ðQ12 þ 2Q66Þm
2n2;

D22 ¼ Q11n
4 þ Q22m

4 þ 2ðQ12 þ 2Q66Þm
2n2;

D12 ¼ ðQ11 þ Q22 � 4Q66Þm
2n2 þ Q12ðm

4 þ n4Þ;

D16 ¼ mn½Q11m
2 � Q22n

2 � ðQ12 þ 2Q66Þðm
2 � n2Þ�;

D26 ¼ mn½Q11n
2 � Q22m

2 þ ðQ12 þ 2Q66Þðm
2 � n2Þ�;

D66 ¼ ðQ11 þ Q22 � 2Q12Þm
2n2 þ Q66ðm

2 � n2Þ2;
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where

Q11 ¼
E11

1� n12n21
I ; Q22 ¼

E22

1� n12n21
I ; Q12 ¼ Q11n21I ¼ Q22n12I ; Q66 ¼ G12I ;

with I ¼ h3=12 the unit width cross-sectional area moment of inertia of the beam.
Appendix B. The stress along the short edge of a rectangular cross-section

Consider the beam with rectangular cross-section as shown in Fig. 2 for stress analysis under
the torsional moment T. With b4h, the stress distribution on the cross-section can be found in the
classical theory of elasticity. Specifically the stress along the short edge, tyz

$$
x¼�b=2

; can be found
[18] to be

tyz

$$
x¼�b=2

¼
8h

p2
ma
X1
n¼0

ð�1Þn

ð2n þ 1Þ2
sinhðkn � b=2Þ

coshðknb=2Þ
cosðknzÞ

� �
; (B.1)

where kn ¼ ð2n þ 1Þp=h; and ma relates to the torsional moment by

T ¼ ma
bh3

3
�
64h4

p5
X1
n¼0

tanhðknb=2Þ

ð2n þ 1Þ5

 !
: (B.2)

For b=h42; 14 tanh ðpb=2hÞ40:9963; truncating the series in Eqs. (B.1) and (B.2) with the
first term will result in 92% and 99.5% accuracy of the analytical solution for the stress and
moment, respectively. With only the first term in both summations along with the approximation
tanh ðpb=2hÞ ¼ 1; eliminating ma in Eqs. (B.1) and (B.2) and taking the magnitude of the stress
along the short edge yield

tyz ¼
24Tp3

p5bh2 � 192h3
cos

p
h

z
� 

:
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